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1. INTRODUCTION 
This paper is concerned with the problem of determining the possible 
equilibrium states of buckled elastic rings under pressure. The nonlinear 
problem with which we deal is based upon the Euler-Bernoulli Theory of 
the elastica. It was first considered by M. Levy [l] who reduced it to the 
investigation of an algebraic problem involving elliptic integrals. Later, 
G. F. Carrier [2] reconsidered the problem, obtained an approximate solution 
to the algebraic formulation for small deformation, and discussed some other 
related problems. 
Our main concern is to prove the existence of solutions to the full nonlinear 
problem. For this purpose we formulate the problem along two different 
lines. The first formulation stated in Section 2 is the classical one and leads 
to a nonlinear ordinary differential equation for the curvature of the ring. 
This formulation was used to prove the existence of solutions with small 
norm (Section 4). Such solutions exist for all modes of deformation with two 
or more axes of symmetry. It is shown that solutions with only one axis of 
symmetry do not exist for the linearized problem and numerical search 
failed to uncover any for the nonlinear problem. A variational form of this 
formulation is used in Section 5 to prove the existence of solutions with arbi- 
trary norm. 
A second and equivalent formulation derived from Hamilton’s principle 
is given in Section 3. It leads to a minimum problem which is used to prove 
the existence of solutions for loads greater than the first characteristic load 
of the linearized theory (Section 6). In Section 7 we develop numerical 
methods for the solution of the problem and plot for different modes of 
deformation, the shape of the ring for various loads. We also calculate the 
energy of the ring for various modes. 
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2. THE EQUILIBRIUM EQUATIONS 
Consider the equilibrium of an inextensible elastic circular ring of radius 
unity which is acted upon by a uniform external pressure1 p. The pressure 
load is assumed constant in magnitude and in the direction of inward drawn 
normal to the deformed ring. We denote by x(s) the position vector, in the 
plane, of a point on the ring which is at the arc length s and let T and N stand 
for the components of stress R along the unit tangent x’ and outward unit 
normal n = (~a’, - x1’). The equilibrium equation R’ = pn when resolved in 
the tangential and normal directions and the moment equilibrium equation 
are respectively 
T’+kN=O (1) 
N’-kT-P=O (2) 
M’+N=O. (3) 
Here, k is the curvature and is given by 8’ where 0 is the angle between the 
tangent x’ and the x,-axis, and M is related to curvature by the constitutive 
relation M = 1 - k. Therefore, N = 8” and (1) and (2) yield 
8” - cel + 4 e’2 = p, (4) 
where c, an arbitrary constant, appears as a consequence of integrating (1). 
Equation (4) admits of the trivial solution 8 = s, c = 8 - p corresponding 
to the undeformed ring. 
In order to investigate the existence of nontrivial solutions, it is convenient 
to introduce the new variables 
v(s) = 8’ - 1 = - M, p=$-cc, 13=c+P-i, (5) 
in terms of which the pressure p is found from p = p + @ - 1 and (4) 
transforms into 
vz + pv = p -f(v), (6) 
where 
f(v) = 4 VP@ + 3). (7) 
For a closed ring we need only consider periodic solutions of (6). Since the 
circumference of the ring is 27r, the period of v(s) can only be one of the 
numbers 21r/n, n = 1, 2, 3... . Moreover, (6) is unaltered under either trans- 
lation or change in the sign of the independent variable. Therefore, for a fixed 
1 In dimensional terms the radius will be R and the pressure EIp/Rs, where EZ 
is the flexural rigidity. 
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n it is sufficient to consider the solutions of (6) in an interval whose length 
is one-half the period and with the boundary conditions 
v’ = 0 x=0, “. 
12 
A further restriction to be imposed is that the angle ~9 should change by 277 
for one complete traverse of the ring and hence by n/n for each half period. 
Since 8’ = v + 1, this implies 
I 
nln 
v(s) ds = 0. (9) 
0 
Once v is determined in the interval 0 < x < rr/n, it can be extended for all 
s continuously and periodically by defining 
v( - s) = v(s) and v(s-c)=.(s). 
We are then able to calculate the coordinates of the ring x, , xa , from the 
relations 
and 
x1 + ix, = 
s 
’ eiSCP, d,$ o<s<27r (10) 
0 
W = s + j, v(4) df 0 < s < 27T. (11) 
Finally we note that for a closed ring we must have2 
x1(2$ + ix,(24 = jr eie@) ds = 0, (12) 
which will be shown to be satisfied by all periodically extended solutions of 
(6)-(9) except possibly when n = 1. To show this, let 1,4(s) = s” v(p)dp.Since 
v is even, periodic with period 2r/n and its average vanishes,‘+ is odd and 
periodic with the same period. Hence, q = ei* has the same period and has 
the representation 
q(s) - fJ qmeimn8. 
m--CO 
(13) 
a This point was not considered in Refs. [l] and [2]. 
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But then for TZ > 2 
which proves (12). 
The case n = 1 deserves special attention. In this case we note that since # 
is odd in s, cos 4 is even and sin 3 is odd. Therefore, again, due to periodicity 
of these functions, xa(2a) vanishes identically, while vanishing of x,(277) 
imposes a further restriction on the solution. This restriction cannot be met 
if 1 o 1 is small enough, i.e., in the linearized problem of Section 4. Numerical 
calculations for the full nonlinear problem indicate that it cannot be met for 
any I v I . 
3. THE MINIMUM PROBLEM 
In this section we shall use Hamilton’s principle of least-energy to derive 
an alternate formulation of the equations governing the buckled states of an 
extensible elastic ring. This formulation will be used (Section 6) in proving 
the existence of buckled states for loads greater than the first buckling load 
of the linearized theory. For this, we seek the functional 
v= I ‘- [W(x’, x”) - P(x, x’)] ds 0 (1) 
whose stationary points over the class of functions x(s) satisfying the con- 
straint 
G(x’) z x’ - x’ - 1 = 0 (2) 
are the coordinates of the buckled elastic ring. The strain energy W is given by 
w = 8 (k - 1)2, (3) 
and P is the potential for the non-conservative3 applied force f = -ppn. 
Clearly P must remain invariant under a rotation of the coordinate axes x 
and, therefore, must be a function of the invariants of its vector arguments; 
that is, the three functionally independent scalars n * x, x . x, and t * n. A 
particular solution is 
P= -&pn*x. (4) 
Any other P can differ from the particular solution by an amount whose 
3 There exists no function G(x, x’, ir) such that work per particle f 3 x equals 
dG/dt. 
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Euler differential expression vanishes identically. This fact and the regularity 
of P in its arguments reduce the additional function to an exact differential 
which changes V simply by a constant which we ignore [3]. 
With the potential P thus uniquely determined, we proceed to show that 
the stationary points of I’ subject to the constraint G = 0 are the solutions 
of Eqs. (2.1)-(2.3) of the previous section with the boundary condition 
d* [ 1 
277 
-x =o, 
ds” o 
v =0 ,1,2,3. 
The simplest way to demonstrate this is to consider the modified variational 
problem 
6 2=(W-P++G)ds=0, 
s (6) 0 
where Q is the Lagrange multiplier, carry out the Euler differentiation and 
define the tension T by 
T = 2[@ - 1) + 81, (7) 
then the Euler equations become 
(TX’ + k’n)’ - @I = 0, (8) 
which is equivalent to Eqs. (2.1)-(2.3). W e note now that the parametrization 
Xl’ = cos e(s), x2’ = sin e(s) (9) 
transforms V into 
The appearance of the constant - v is due to the fact that 
In this new formulation, the inextensibility condition is satisfied and one 
should minimize V(0) over the class of functions e(s) which satisfy the con- 
straints 
e(o) = 0 e(2r) = 2rr (11) 
I 
2n 
cos els) ds = 0 
I 
2n sin e(g ds = 0. 
0 0 
(12) 
Let us consider the first variation of V(0) in an arbitrary admissible 
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“direction” 7. Because of (11) and (12), 7 vanishes at the boundary and 
satisfies 
s 277 7 cos 6 ds = 0 I 2n 7 sin 8 ds = 0. (13) 
0 0 
It is easily verified that 
&v(e) = [$ v(e +l 7,] c=. = ,r 7 I- 0,s + P j-1 ~0s [e(s) - W>l Y] da 
Therefore, (13) and (14) imply that the Euler equation for the minimizing 
function 0(s) is 
e,, -P 1' cos [e(s) - e(t)] d[ = pl cos 8 + ps sin 8, 
0 
where t.+ and p2 are undetermined constants. Thus we have a new formulation 
for the ring buckling problem consisting of the differential-integral equation 
(15) and the conditions (11) and ( 12).4 It is, however, the minimum problem 
stated by Eqs. (lo)-(12) which is of primary interest and which will be used 
to show the existence of buckled states for the ring for p > 3 (see Section 6). 
4. EXISTENCE OF SOLUTIONS WITH SMALL NORM 
We now consider the boundary value problem defined by Eqs. (2.6)-(2.9) 
and prove the existence of solutions in a neighborhood of linearized solutions. 
Let l denote the value of the solution v at s = 0. Now substitute v = HU, set 
aside the boundary condition at s = rrln and the integral condition (2.9), and 
consider the resulting initial value problem 
q./$pw=~-Q’W~-~~=W3 s>o (1) 
w’ =o, w = 1, s = 0, (2) 
r To show the equivalence of this new formulation with the old, proceed as follows: 
Eliminate p1 and pa from Eq. (15) by using the two equations that result from it 
by successive differentiation. The resulting equation will be the same as that obtained 
from (2.4) if the constant c is eliminated there by differentiation. 
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where y = /3/e. Among all solutions W(p, y, 6; s) we seek those which for 
any fixed positive integer n > 2 satisfy 
% Is-n/n = 44 Yi 4 = 0 (3) 
I 
*in 
w ds = b(/.L, y; c) = 0. (4 
0 
Then the solution z, of the boundary value problem (2.6)-(2.9) will be EW 
for a certain range of values of P(C) and #I = V(E) as determined parame- 
trically from (3) and (4). 
We note that the solution of the initial value problem (l)-(2) is unique, 
exists for all S, and is differentiable with respect to the parameters p, y, and E. 
The existence for all s of w follows from its uniform boundedness which 
may be inferred from the first integral of (l)-(2), which is 
(W*2+,2w4)+,w3.,w2-2yw=p+~~2+~-2y. (5) 
For given values of p, y and 6 # 0 the right side of (5) is a constant and for 
large w the parenthesis on the left side of the equation dominates the lower 
degree terms. Hence, w stays uniformly bounded for all s and its existence, 
uniqueness and differentiability with respect to parameters in the equation 
follow by standard arguments [4]. 
We note that if Eqs. (3) and (4) have a solution p*, y* at E = Q* for some 
E*, then by the implicit function theorem there will exist a solution in the 
finite neighborhood 1 E - E* 1 < 6, , for some So > 0, if 
J=-...-.- a(6 b) + 0 
ah4 Y) 
for < = E*. 
This is so at E = 0. For then the solution of (1) and (2) is 
If one then requires that (3) and (4) be satisfied, then it follows that 
and 
p = tz2 , y=o for c=o 
(6) 
(7) 
(8) 
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Therefore, a solution exists in some neighborhood 1 E / < 6, . By regular 
perturbation we find 
v = E cos ns -f- $ (cos 2ns - cos ns) + O(2) 
/&=+-, (1 + $-) i- O(E2) 
(10) 
From the relationship p = p + p - 1 one finds that p is an increasing 
function of E for small E and for II 2 2 
p=(f-l)+y(l-$)+o(Ey. (11) 
If one proceeds to calculate the vector x(s) from (2.10) and (2.11) one finds 
that x,(27) # 0 for it = 1. Also, numerical results show that, for 0 < p < 14, 
xr(27r) starts at zero and monotonically decreases with E. This seems to 
indicate that there is no buckled state with only one axis of symmetry. 
5. EXISTENCE OF SOLUTIONS WITH AN ARBITRARY NORM 
This section is concerned with proving that the problem defined by Eqs. 
(2.6)-(2.9) of Section 2 admits of at least one solution on every “surface” 
defined by S, n’n 02(s) ds = c, where c is an arbitrary positive constant. The 
problem, for a fixed integer 71 3 2, is 
%s +P = B -f(v) o<s<c=; 
s 
G 
vds=O 
0 
(1) 
8, = 0 at s = 0,e. 
For any c > 0, we seek a solution v(c), p(c), /I(c) which satisfies (1) at least 
in a variational or weak sense. In order to define the problem precisely, we 
introduce the Hilbert space 
wy(Q) = {v ) 0, 0, EL,(SZ)} (2) 
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(where derivatives are taken in the distribution sense and 
interval [0,/J) with the scalar product and norm defined by 
67 
s2 denotes the 
(3) 
(4) 
(6) 
We note in passing that ?V~“(Q) is the completion, in the energy norm (4), of 
differentiable functions whose derivatives belong to L,(Q). 
Let H denote the closed subspace of W?‘(Q) orthogonal to constants; i.e., 
H = ]v E W,“‘(Q) 1 1: v ds = 01 
and define, for v E H, the functionals 
(5) 
F(v) = /‘f(u) du = Q v4 + & w3 
0 
@(u, v) = 4 j-1 u,2 ds - f$~(s)) ds 
E(v) = qv, v) 
g(v) = 1, v2 ds. 
Our object is to prove that the energy functional E(v), where e, E H is con- 
strained to lie on the surface g(v) = c > 0, achieves its absolute minimum at 
some point z, = oo(c) in the interior of some large sphere. 
A particularly convenient theorem, which may be used to prove the exi- 
stence of such conditional minima, was given by Browder [5]. Using his 
terminology, we state: 
LEMMA 1. Let the functionals @, E andg be dejined by (6). Then (i) @ is a 
semi-convex real differentiable function on H x H, and E is d@mntiable on H. 
(ii) g is weakly continuous and differentiable on H. 
The proof consists in simply checking that the smoothness and mono- 
tonicity conditions imposed in Browder’s theorem [5] are satisfied in the 
present case. However, we give an indication of the proof: 
For each fixed o, @(u, w) is clearly convex in u. Next we need to verify that 
F(w,) -F(o) (converges strongly to 21) as V~ - w (converges weakly to 2~). 
But then {v~} is uniformly bounded in H with an upper bound M. By 
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Rellich’s lemma there exists a subsequence, call it again v,, , which converges 
strongly (in La) to v. Since by Sobolev’s lemma the norm (4) dominates 
the maximum norm, one has 
1 F(%) - F(v) / = 1 ,: (+ v4 + 4 v”) ds - s,l (Q vn4 + & ~3) ds / 
v4 - vn4 1 ds + $ 
s (1 
v3 - vn3 / ds 
0 
= Q ,[ 1 (v” + vn2) (v” - vn2) 1 ds + .*. . 
Hence 
1 F(q) -F(v) 1 < KM2 ,: I v2 - vn2 ( ds, (7) 
where K is some constant related to 8, Hence F(v,) +F(v) as v,, - v. This 
calculation and the strong continuity of @ in u for fixed v proves the semi- 
convexity of 0. (In fact, the calculation shows that E(v) is weakly lower-semi- 
continuous, since jivs2 ds clearly is.) The weak continuity of g, and the 
differentiability of a, E and g may be proved in a similar manner. 
Lemma 1 shows that on the set S, = (v E H 1 g(v) = c, II v 11 Q R), 
where R is given, the functional E(v) takes on its absolute minimum at a 
point v = v. . Before one can deduce from this fact that dE(v,), the Frechet 
derivative, in H, of E at v. , and dg(v,) are proportional (by the use of 
Lagrange multiplier method), we need to prove that v. is not a boundary 
point of S, . This is a consequence of 
LEMMA 2. For all v in H, such that g(v) = c > 0, the energy E(o) -+ co 
as [Iv/I -+ co. 
PROOF. It is sufficient to prove the lemma for smooth w. To estimate 
J’IF(o) ds consider first 
s 
c 
s 
c 
v4 ds < max v2 v2 ds = c max (v”). 
0 0 
Since w is orthogonal to constants, there exists a point I, 0 < 5 < /such that 
w(E) = 0. Hence 
G(s) = 2 IS 
t 
vv, ds < 2c112 (11 er2 dsr”. 
Hence 
s 
c 
v4 dx < 2c312 
0 
(8) 
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Moreover 
Now, for v in H, 11 v /I + co only if j”(vsa) dx + co. Combining this fact 
with (8)-(9) and the definition of E we ibtain the lemma. Now we state 
THEOREM 1. For every c > 0 there exists a smooth function v = v(c) and 
two constants p = p(c), p = /3(c) such that (6) is satisfied. 
PROOF. Lemma 1 implies that E(v) achieves its absolute minimum on 
each SR . Taking R large enough, using Lemma 2 and the rule of Lagrange 
multipliers (Theorem 4 in Ref. 5) we find that at this minimum, call it v, 
for some p. Since H is orthogonal to constants, this implies that w is a varia- 
tional (or weak) solution to (l), for some constant /?. The regularity of the 
solution follows from the general regularity theory for variational problems 
connected with mildly nonlinear elliptic equations (see, for example, 
Morrey [6]). 
6. EXISTENCE OF BUCKLED STATES FOR p > 3 
In this section, the minimum principle formulation of the problem (Sec- 
tion 3) will be used to prove the existence of nontrivial weak solutions for 
values of the pressure p > 3. This critical value is the first buckling load of 
the linearized theory. We start with the functional V(f?) defined in (3.10) and 
introduce the dependent variable I/J(S) = 0(s) - s. Then V takes the form 
where 
(1) 
Wk ~1 = sin CM4 - $(I)) + (s - E)]. (2) 
The function $ satisfies the boundary conditions 
QqO) = #(2?r) = 0 (3) 
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and the constraints 
1: cos [4(s) + s] ds = 1”” sin [4(s) + s] ds = 0. (4) 
0 
Consider the Sobolev space Wp’(O, 27~) introduced in Section 5. Let H be 
the subspace corresponding to the Dirichlet boundary conditions (3). We 
shall prove that V, subject to the constraints (4) achieves its minimum at 
some interior point $. . To this end define 
then we have: 
PROPOSITION 1. The set of functions in H which satisfy the constraints (4) 
is weakly closed. The functional V, de$ned in (5) is sequentially weakly con- 
tinuous in H. 
PROOF. Consider the second statement. Let $,, - #. Then {$,J is uni- 
formly bounded in H, and hence by Sobolev’s embedding lemma, is compact 
in the maximum norm. Therefore, there exists a subsequence, call it again 4% , 
such that z+$, + I/ in the maximum norm. Now consider the difference 
G I P I 1’” $ I &(s) - W) + Wn(~) - MN I dt ds 0 0 
~(2~+1)Ipl~2~I~~(~)-~(~)lds-t0 as n--t c.0. 
0 
(6) 
Hence, V, is weakly continuous. The proof of the first statement follows from 
a similar argument. 
PROPOSITION 2. Let S denote the set of functions, in H, which satisfy the 
constraints (4). Then V(4) achieves its minimum on S at some point #o in the 
interior of some sphere. 
PROOF. Because of the Dirichlet conditions (3) the norm in His equivalent 
to the semi-norm sr $2 ds. M oreover V,(4) is bounded for all 4. Hence, 
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V#)+~asII$II -+ co and it is sufficient to consider V defined on bounded 
sets in H. But then VI(#) is weakly lower semi-continuous and V, is weakly 
continuous. Since S is weakly closed the proposition follows. 
THEOREM 2. For all p > 3 there exists a nontrivial (i.e., a buckled state) 
variational solution of equations (3.15, 3.11, 3.12). 
PROOF. Let &, be the minimizing function of Proposition 2 above. Since 
I,$, is in the interior of some sphere, the rule of Lagrange multipliers [5] 
proves that &, is a variational solution of (3.15). It is sufficient then to check 
that I,& + 0 for p > 3. But the second variation of V at # = 0 in the direction 
7, calculated from (3.10), is 
PV I+=,, = j; T(s) (- $1 rl(s) ds - p sf am (1 - cos s) ds 
+ p f”” ~(4 f’ sin (s - S) rl(f) dt ds. 
0 0 
(7) 
The variation 7 must satisfy the Dirichlet condition (3) as well as the con- 
straints induced by (4); i.e., 
Therefore, 
AT= --$, + = 1: sin (s - 0 ~(4) d.$ = (I - A)-l 71 (10) 
for all admissible variations 7. 
Choosing 7 to be the second eigenfunction of A, i.e., r] = cos 2s, all the 
required constraints are satisfied, and we find 
PV 1 $-0 = ‘Is ( (4-P-$-)rl)<0 forall p>3. (11) 
Hence, # = 0 is not even a local minimum of V for,p > 3 and the theorem is 
proved. 
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7. NUMERICAL CALCULATIONS 
The existence proof of Section 4 can be used to develop a numerical 
procedure which solves the algebraic equations (4.3) and (4.4), for a fixed E, 
by the Newton-Raphson iteration method. For this purpose we introduce 
the vector Y = (Yr , Ya) by 
(Yl9 Yz) = ($, $) s’ w(p, y, 6; t) dt 
0 
and note that, from (4.1,4.2) 
Y”’ + [p +fJcw)] Y’ = D s>o 
Y(0) = Y(0) = y”(0) = 0, (2) 
where ~Jcw) = HEW + 3e2w2/2 and D is the vector (- w, 1). The iteration 
procedure consists of solving successively the system, 
Jy (C) (hY+l - hY) = - Au Y = 0, I,2 . . . . 
where 
A= p [I Y ’ A= ; [I 
with Q, b defined by (4.3)-(4.4) and 
(4) 
The implicit function theorem of Section 4 proves that Jr/n), for small E, 
is nonsingular and, hence, (3) is solvable. The first term in the iteration is 
determined from the perturbation solution (4.10) and the vth iterate of Y, 
which determines J, is found from (2) with coefficients determined by the 
(V - I)th iterate. Upon convergence, the process is repeated for a neigh- 
boring value of E with the first term determined by linear extrapolation. 
The function space analogue of the Newton-Raphson method for the 
direct solution of the boundary value problem consisting of Eqs. (2.6)-(2.9) 
proved more effective in practice. Here, no l parametrization is necessary. 
For a fixed f~, the problem is linearized about an approximate solution 
d(s) and fl. This linearized problem gives a correction eir, &, and leads to the 
next approximation WI = 8 + & and PI= fl + d. The process is repeated 
until it converges. Again, the first approximate solution was obtained from 
the perturbation solution. 
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The results of these calculations are shown in Figs. l-4. Figures 1-3 show the 
deformation of the ring for various modes and for increasing load. The ring 
can cross itself for large loads, for we have assumed that the pressure always 
acts on one side (the original outside wall) of the ring. Figure 4 depicts the 
energy I/’ as a function of pressure for various modes of deformation. It has 
been conjectured by Friedrich [7] that a mechanical system, for a fixed load, 
chooses among all possible modes of deformation, the one with minimum 
energy. Assuming this, Fig. 4 indicates that as p is slowly (quasistatically) 
increased from 3, the ring always assumes the shape of the lowest mode n = 2. 
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